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We find that the recently developed kinetic theories with spin for massive and massless fermions
are smoothly connected. By introducing a reference-frame vector, we decompose the dipole-moment
tensor into electric and magnetic dipole moments. We show that the axial-vector component of the
Wigner function contains a contribution from the transverse magnetic dipole moment which accounts
for the transverse spin degree of freedom (DOF) and vanishes smoothly in the massless limit. As
a result, the kinetic equations, describing four DOF for massive fermions, becomes smoothly the
chiral kinetic equations describing two DOF in the massless limit. We also confirm the small-mass
behavior of the Wigner function by explicit calculation using a Gaussian wave packet.
I. INTRODUCTION
In non-central heavy-ion collisions, a large orbital angular momentum (OAM) [1–3] as well as a very strong electro-
magnetic field [4–10] are generated. Part of the OAM is transferred to the hot and dense matter or the quark-gluon
plasma in the form of vorticity fields [11–14] and leads to a global spin polarization perpendicular to the reaction
plane [1, 15–20]. The global spin polarization of Λ hyperons has been observed by STAR collaboration in Au+Au
collisions at
√
sNN = 7.7 − 200 GeV [21, 22], see, e.g. Refs. [23–25] for recent reviews. The interaction between
the strong magnetic field and fermion spin leads to the chiral magnetic effect (CME) [26–28], which can probe the
topological fluctuation of quantum chromodynamics vacuum. The search for the CME is one of the major efforts in
experiments of heavy ion collisions; see, e.g. Refs. [29–34] for reviews.
For massless fermions with definite helicity, the chiral kinetic theory (CKT) is a useful tool to describe the chiral
effects in phase space [35–48]. The Lorentz invariance for chiral fermions is proved to be non-trivial: the side-jump
effect appears to ensure the conservation of the total angular momentum in binary collisions [49–51]. Recent numerical
simulation [52] shows that the side-jump effect may provide a possible explanation of the puzzle of the Λ’s local spin
polarization [53, 54].
In reality, all quarks have masses. Although the masses of up and down quarks are small compared to the typical
temperature of the quark-gluon plasma, the mass of strange quark is not. The massive strange quarks play an essential
role in the Λ’s spin polarization as well as in the spin alignments of φ or K∗0 mesons described by the 00-component
of the spin density matrix [55–57]. Therefore a kinetic theory for massive fermions with spin, also called spin kinetic
theory, is required to describe the spin evolution of massive quarks in phase space. Such a theory was constructed
many years ago for non-relativistic dilute spinful gases [58, 59] and has recently been formulated for relativistic Dirac
fermions using the covariant Wigner functions [60–64] and equal-time Wigner functions [65]. It can also be constructed
in the worldline formalism [66, 67].
However, there are fundamental differences between symmetries of massive and massless fermions. In 1939, Wigner
proposed the concept of the little group [68], the group that leaves a particle’s four-momentum invariant. For a
massive particle, the little group is the rotational group O(3), which is associated with the spin in the particle’s rest
frame. Wigner also showed that the little group for the massless particle is the two-dimensional Euclidean group
E(2). The rotational degree of freedom of E(2) corresponds to the helicity, while the two translational degrees of
freedom correspond to the gauge symmetry of the massless particle [68–70]. It can be proved that the E(2) group can
be obtained as the infinite-boost limit or massless limit of the O(3) group [69]. However, how the kinetic theories for
massive fermions and massless fermions are connected under such a limiting process is unclear. There are proposals to
make a smooth transition between the two kinetic theories [61, 62], but these proposals are based on the assumption
that the spin polarization or dipole-moment tensor for massive fermions can be smoothly reduced to its massless forms
when m→ 0. This assumption has not been justified.
In this paper, we propose a kinetic theory with spin in the Wigner function formalism that can smoothly transit
between the massive and massless cases. The main idea is to project out the transverse-spin contributions in the kinetic
theory and to show that they smoothly vanish in the massless limit. In such a way, two of the four kinetic equations in
the massive case become irrelevant in the massless limit, leaving the other two to constitute the CKT that describes
the vector- and axial-charge distributions. The paper is organized as follows. In Sec. II, we briefly review the Wigner
function formalism for massive fermions up to the linear order in ~. Then in Sec. III, to connect with the massless
case, we introduce a reference frame in the massive case. The dipole-moment tensor and spin-polarization vector are
2expressed in terms of reference-frame dependent quantities such as the fermion number density, the magnetic dipole
moment, and the axial-charge density. In Sec. IV, the ensemble of particle states of the Wigner function is replaced
by the one-particle wave-packet state with finite momentum and space-time dispersion. In this case we derive explicit
expressions for the fermion number density, the magnetic dipole moment, and the axial-charge density and obtain
their small-mass behaviors. In Sec. V, the Wigner-function components as well as the kinetic equations are written
in forms with mass corrections explicitly singled out. Turning off the mass corrections, we can recover the massless
case smoothly. A summary of the results is given in the final section.
Throughout this paper, we use the units c = kB = 1 but keep the reduced Planck’s constant ~ explicitly. The
electromagnetic potential is labeled by Aµ with the electric charge being absorbed. This means that we can recover the
electric charge Q of the fermion by replacing Aµ → QAµ. We consider the background spacetime to be Minkowskian,
but all the calculations can be similarly carried out in curved spacetime as well (The kinetic theories for massive and
massless fermions were studied in Refs. [43, 63]).
II. WIGNER FUNCTION UP TO LINEAR ORDER IN ~
We define the covariant Wigner function in an external classical electromagnetic field or U(1) gauge field as the
Fourier transform of the two-point correlation function
W (x, p) ≡
ˆ
d4y
(2π~)4
e−
i
~
p·yU
(
x+
y
2
, x− y
2
)〈
Ω
∣∣∣ ˆ¯ψ (x+ y
2
)
⊗ ψˆ
(
x− y
2
)∣∣∣Ω〉 , (2.1)
where the tensor product is defined as [A⊗B]ij = AjBi with i = 1 − 4 the Dirac index. Here,
〈
Ω
∣∣∣Oˆ∣∣∣Ω〉 represents
the expectation value of the operator Oˆ on a given quantum state |Ω〉 and the gauge link U (x+ y
2
, x− y
2
)
is defined
in a straight line
U
(
x+
y
2
, x− y
2
)
≡ exp
[
− i
~
yµ
ˆ 1/2
−1/2
dsAµ(x+ s y)
]
(2.2)
with Aµ being the U(1) gauge potential. For a classical background field, the gauge link is purely a phase factor
instead of an operator. In order to clearly display the physical meaning of the Wigner function, it is advantageous to
decompose W (x, p) in terms of 16 independent generators of the Clifford algebra,
{
1, iγ5, γµ, γ5γµ, σµν
}
, where 1 is
the 4× 4 unit matrix, γ5 ≡ iγ0γ1γ2γ3, and σµν ≡ i
2
[γµ, γν],
W =
1
4
(
F + iγ5P + γµVµ + γ5γµAµ + 1
2
σµνSµν
)
. (2.3)
According to the parities and properties under Lorentz transformation, the coefficients F , P , Vµ, Aµ, and Sµν
are called the scalar, pseudo-scalar, vector, axial-vector, and tensor components of the Wigner function. They are
identified as the densities of some physical quantities in phase space [71]. For example, Vµ gives the fermion vector
current density, Aµ gives the axial current or spin density, and Sµν gives the electric/magnetic dipole-moment density.
Applying the Dirac equation to the Wigner function, one can derive the equation of motion for the Wigner func-
tion. The Wigner-function equation of motion has analytical solutions in some special cases, such as in a constant
electromagnetic field. In a general space-time dependent electromagnetic field, the semi-classical expansion in the
reduced Planck’s constant ~ provides a powerful method to solve out the Wigner function order by order in ~. The
Wigner function at the lowest or zeroth order in ~ is independent of spin, while at the first order in ~ the Wigner
function contains the spin degrees of freedom. In this paper, we only consider the Wigner function up to O(~). The
most general solution up to this order is given in Ref. [61],
F = m
[
V δ(p2 −m2)− ~
2
FαβΣαβδ
′(p2 −m2)
]
+O(~2) ,
P = ~
4m
ǫµναβ∇µ
[
pνΣαβδ(p
2 −m2)]+O(~2) ,
Vµ = pµ
[
V δ(p2 −m2)− ~
2
FαβΣαβδ
′(p2 −m2)
]
+
~
2
∇ν
[
Σµνδ(p2 −m2)]+O(~2) ,
Aµ = nµδ(p2 −m2) + ~F˜µνpνV δ′(p2 −m2) +O(~2) ,
Sµν = m [Σµνδ(p2 −m2)− ~FµνV δ′(p2 −m2)]+O(~2) , (2.4)
3where the dipole-moment tensor satisfies the following constraint equation
δ(p2 −m2)
[
pνΣ
µν − ~
2
∇µV
]
= O(~2) , (2.5)
with ∇µ ≡ ∂µx − Fµν∂pν . The spin polarization vector nµ can be expressed by the dipole-moment tensor Σµν as
follows
nµ = −1
2
ǫµναβpνΣαβ . (2.6)
The undetermined functions V and nµ satisfy the generalized Boltzmann equation and the generalized Bargmann-
Michel-Telegdi (BMT) equation, respectively,
0 = δ(p2 −m2)
[
p · ∇V + ~
4
(∂αx F˜
µν)∂pαΣµν
]
− δ′(p2 −m2)~
2
Fµνp · ∇Σµν ,
0 = δ(p2 −m2)
[
p · ∇nµ − Fµνnν − ~
2
pν(∂
α
x F˜
µν)∂pαV
]
+ δ′(p2 −m2)~F˜µνpνp · ∇V . (2.7)
We note that the solution in Eqs. (2.4), the constraint (2.5), and the kinetic equations (2.7) are for massive fermions.
In the massless case, the Wigner function also has formal solution and the corresponding chiral kinetic equations up
to O(~) can be derived. In the rest part of this paper, we will explicitly show that a smooth transition exists between
the massive results (2.4-2.7) and corresponding massless ones.
III. REFERENCE-FRAME DEPENDENCE
The components of the Wigner function in Eqs. (2.4) are obviously Lorentz covariant. The quantities V (x, p)
and Σµν(x, p) have clear physical meanings of fermion number (vector charge) density and dipole-moment tensor,
respectively. Furthermore, in obtaining Eqs. (2.4), it is not necessary to introduce any additional reference-frame
vector because one can always work in the co-moving frame of the massive particle. However, this is not the case for
massless fermions: the massless solutions in Refs. [40–43] are inevitably reference-frame dependent. Such a reference
frame controls the way of decomposing a four-vector such as Vµ(x, p) and Aµ(x, p) into one part parallel to pµ and
the other part perpendicular to pµ. It also controls the way of decomposing an antisymmetric tensor such as Σµν(x, p)
into an ‘electric’ part and a ‘magnetic’ part. Thus, in order to find a smooth transition to the massless fermions, we
need to first introduce a reference-frame to the Wigner-function solutions for massive fermions. We will achieve this
by decomposing the dipole-moment tensor into the ‘electric’ and a ‘magnetic’ parts. In Appendix A, we discuss an
alternative, but equivalent, way to introduce the reference frame.
It is well-known that the electromagnetic field tensor Fµν can be decomposed into the electric field Eµ = Fµνuν
and the magnetic field Bµ = (1/2)ǫµναβuνFαβ as
Fµν = Eµuν − Eνuµ + ǫµναβuαBβ , (3.1)
where uµ is an arbitrary time-like vector which is normalized as uµuµ = 1. The electric and magnetic field four-vectors
are all space-like, i.e. uµE
µ = uµB
µ = 0. Thus in the co-moving frame of uµ, Eµ and Bµ only have the spatial
components or they become three-vectors. Such a decomposition depends on the choice of uµ, but Fµν is independent
of uµ. Similar to Fµν , the dipole-moment tensor Σµν can also be decomposed as
Σµν = Eµuν − Eνuµ − ǫµναβuαMβ , (3.2)
where Eµ = Σµνuν andMµ = −(1/2)ǫµναβuνΣαβ . Note that both Eµ andMµ depend on uµ, while Σµν does not. In
the co-moving frame of uµ, we can identify Eµ as the electric dipole moment andMµ as the magnetic dipole moment,
respectively. Their physical meanings can be clearly seen by contracting Fµν and Σ
µν
−1
2
FµνΣ
µν = −EµEµ −MµBµ , (3.3)
which is the interaction energy of the dipole moments in the electromagnetic field.
Due to the constraint (2.5), the electric dipole moment Eµ is not an independent degree of freedom. Substituting
Eq. (3.2) into Eq. (2.5), up to O(~), we obtain
δ(p2 −m2)
[
(u · p)Eµ − pνEνuµ − ǫµναβpνuαMβ − ~
2
∇µV
]
= 0 . (3.4)
4Then contracting this equation with uµ one obtains a constraint for the electric dipole moment,
δ(p2 −m2)
(
pµEµ + ~
2
uµ∇µV
)
= 0 . (3.5)
Inserting Eq. (3.5) back into Eq. (3.4), we find a general expression for the electric dipole moment
Eµ = ~
2(u · p) (g
µν − uµuν)∇νV + 1
u · pǫ
µναβpνuαMβ + (p2 −m2)Cµ . (3.6)
where Cµ is an arbitrary function which should be non-singular for on-shell momentum with p2 = m2. We demand
that uµCµ = 0 because uµEµ = 0. Inserting Eq. (3.6) back into Eq. (3.2), we find that Σµν can be determined by
Mµ, V and Cµ,
Σµν = − 1
u · pǫ
µναβpαMβ + ~
2(u · p) (u
ν∇µ − uµ∇ν)V + (p2 −m2) (uνCµ − uµCν) , (3.7)
where we have used the Schouten identity
uµǫναβγ + uνǫαβγµ + uαǫβγµν + uβǫγµνα + uγǫµναβ = 0 . (3.8)
In Eq. (3.7), we have an unspecified term which depends on Cµ. However, since the forms of the solutions (2.4) do
not change under the transformation with arbitrary δΣµν [61]
Σµν → Σ′µν = Σµν + (p2 −m2)δΣµν ,
V → V ′ = V − ~
2
FµνδΣµν , (3.9)
we can choose Cµ = 0 without loss of generality. When the electromagnetic field vanishes, all components of the
Wigner function are proportional to δ(p2 −m2) and thus the contribution from Cµ is zero by its prefactor (p2 −m2).
We further define the projection operators
∆µν ≡ gµν − uµuν , Ξµν ≡ gµν − uµuν + p
〈µ〉p〈ν〉
(u · p)2 − p2 , (3.10)
where p〈µ〉 ≡ ∆µνpν . The operator ∆µν projects a four-vector to the direction perpendicular to uµ, while the
operator Ξµν projects it to the direction perpendicular to both uµ and pµ. Then we define the transverse magnetic
dipole-moment vector as follows,
Mµ⊥ ≡ ΞµνMν =Mµ −
u · p
(u · p)2 − p2 p
〈µ〉A , (3.11)
where A is defined as
A ≡ −M · p
u · p (3.12)
and will be identified as the axial-charge density. Using A and Mµ⊥, the dipole-moment tensor Σµν in Eq. (3.7) can
be put into the form
Σµν =
u · p
(u · p)2 − p2 ǫ
µναβpαuβA− 1
u · pǫ
µναβpαM⊥β + ~
2(u · p) (u
ν∇µ − uµ∇ν)V . (3.13)
With the spin three-vector n in a particle’s rest frame, the particle is called longitudinally (transversely) polarized
if n is parallel (perpendicular) to p. Any other polarization state can be expressed as a superposition of a longitudinal
polarization state and a transverse one. Generalizing such a three-dimensional decomposition to a four-dimensional
one, we can decompose the axial-vector nµ as
nµ = (u · p)uµu · n
u · p + n‖p
〈µ〉 + nµ⊥ , (3.14)
5where nµ⊥ = Ξ
µνnν . In the co-moving frame of u
µ, u · n/u · p is identified as the axial-charge density, n‖ is the
longitudinal spin polarization and nµ⊥ is the transverse spin polarization. Since n
µ satisfies the constraint p · n = 0,
n‖ can be expressed by
n‖ =
(u · p)(u · n)
(u · p)2 − p2 . (3.15)
Inserting Σµν into Eq. (2.6), we obtain another form of nµ,
nµ = pµA+
p2
u · pM
µ +
~
2(u · p)ǫ
µναβpνuα∇βV
= pµA+
p2
(u · p)2 − p2 p
〈µ〉A+
p2
u · pM
µ
⊥ +
~
2(u · p)ǫ
µναβpνuα∇βV . (3.16)
Making a comparison between Eq. (3.14) and Eq. (3.16), we find A = u · n/u · p is the axial-charge density, while the
transverse polarization is
nµ⊥ =
p2
u · pM
µ
⊥ +
~
2(u · p)ǫ
µναβpνuα∇βV . (3.17)
In Sec. IV, we will show that the second term of nµ⊥ is the OAM of a wave packet, also known as the side-jump term
[41, 42, 44, 49]. This term remains in the massless limit if we keep the wave-packet description for massless particles.
We will also prove thatMµ⊥ ∝ 1/m in small-mass limit, which agrees with our knowledge about the magnetic moment
and is divergent at the zero mass limit. However, Mµ⊥ always comes with p2 in nµ⊥, so its contribution, p2Mµ⊥ ∝ m,
smoothly goes towards zero for vanishing m.
IV. WIGNER FUNCTION FOR A WAVE PACKET
In this section, we introduce the wave-packet description of a single particle state into the Wigner function. For
simplicity we neglect the external electromagnetic field. The Wigner function is then given by
W (x, p) =
ˆ
d4q
(2π~)6
∑
ss′
exp
(
i
~
q · x
)
δ
(
p2 +
1
4
q2 −m2
)
δ (p · q)
√∣∣∣∣p0 + 12q0
∣∣∣∣
∣∣∣∣p0 − 12q0
∣∣∣∣
×θ(p0)u¯s
(
p+
1
2
q
)
⊗ us′
(
p− 1
2
q
)〈
Ω
∣∣∣aˆ†
p+ 1
2
q,s
aˆ
p− 1
2
q,s′
∣∣∣Ω〉 . (4.1)
Here we only keep the contribution from particles and neglect that from anti-particles. The discussion for anti-particles
can be similarly handled. The particle’s spinors are denoted as us(p) and u¯s(p) with s denoting the spin state. The
state |Ω〉 is assumed to take a wave-packet form
|Ω〉 = |p0, s0,+〉 wp = 1
N
ˆ
d3p′
(2π~)3
exp
[
− (p
′ − p0)2
4σ2p
+
i
~
p′ · x0
]
a†
p′,s0
|0〉 , (4.2)
where the normalization constant N =
√[
σp/
(
~
√
2π
)]3
ensures the unit condition 〈Ω|Ω〉 = 1 and p′µ = (Ep′ ≡√
p′2 +m2,p′) is the on-shell four momentum. Such a wave packet is the Gaussian type with the center momentum
p0 and center position x0 at time t0. The spin state of the wave packet is labelled as s0 in a given spin quantization di-
rection n0. The momentum width of the wave packet is σp. In general, we assume the wave packet to be narrow enough
in momentum space so that σp ≪ |p0|. Thus we can assume that the expectation value
〈
Ω
∣∣∣aˆ†
p+ 1
2
q,s
aˆ
p− 1
2
q,s′
∣∣∣Ω〉 van-
ish for a large |q| ≫ σp. One can then treat q as a small expansion variable in Eq. (4.1) except for exp (iq · x/~)
and δ(p · q). Due to the existence of exp (iq · x/~), q can be replaced by i~∇x; in this sense, the expansion in q is
equivalent to the gradient expansion. The leading and next-to-leading order terms in the Wigner function read
W (x, p) =
1
(2π~)3
δ(p2 −m2)θ(p0)
∑
ss′
[u¯s(p)⊗ us′(p) + ~Uss′ · i∇x] fss′(x,p), (4.3)
6where the distribution function is defined as
fss′(x,p) =
ˆ
d4q
(2π~)3
δ
(
q0 − p · q
Ep
)
exp
(
i
~
q · x
)〈
Ω
∣∣∣aˆ†
p+ 1
2
q,s
aˆ
p− 1
2
q,s′
∣∣∣Ω〉 . (4.4)
The three-vector Uss′ in Eq. (4.3) contains momentum-derivatives of the spinors,
Uss′ ≡ 1
2
{[∇pu¯s(p)]⊗ us′(p)− u¯s(p)⊗ [∇pus′(p)]} , (4.5)
which represents a Berry connection in Dirac space and its explicit form is calculated in Appendix B. With Eq. (4.2),
we can give the analytical form of the distribution function as
fss′(x,p) = (2π~)
3V0(x,p)δss0δs′s0 , (4.6)
where the Gaussian type distribution function V0(x, p) is given by
V0(x,p) =
8
(2π~)3
exp
{
− (p− p0)
2
2σ2p
− 2σ
2
p
~2
[
(x − x0)− p
Ep
(t− t0)
]2}
. (4.7)
One can read in the above form of V0(x, p) the center momentum p0 and the center position x0 + (t − t0)p/Ep.
Note that the center position moves with the velocity p/Ep, reflecting the movement of the wave packet. Since we
have ∇xV0 ∝ [(x − x0)− p/Ep(t− t0)]V0, we can identify (p×∇x)V0 ∝ [p× (x− x0)]V0 as the OAM of the wave
packet. Inserting fss′(x,p) in (4.6) into the Wigner function in (4.3), we derive the scalar component of the Wigner
function by taking the trace of W
F = 2
[
m− ~
2(Ep +m)
s0n0 · (p×∇x)
]
V0(x,p)δ(p
2 −m2)θ(p0) (4.8)
where n0 is the spin quantization direction, and the second term on the right-hand-side is interpreted as a correction
from the spin-orbital coupling. Equation (4.8) is given in the lab frame with uµ = (1, 0, 0, 0); a straightforward
generalization to an arbitrary frame gives
V (x,p) = 2
[
1− ~
2m(u · p+m)s0ǫ
µναβuµn0νpα∂xβ
]
V0(x,p). (4.9)
Analogously, we can derive the axial-vector component of the Wigner function,
A0 = 2 s0 p · n0V0(x,p)δ(p2 −m2)θ(p0),
A = 2
[
s0mn0 + s0
p · n0
Ep +m
p− ~
2(Ep +m)
p×∇x
]
V0(x,p)δ(p
2 −m2)θ(p0). (4.10)
Comparing with Eq. (3.14) with the reference frame taken as the lab frame uµ = (1, 0, 0, 0), we obtain the axial-charge
distribution A and the transverse magnetic dipole moment as
A(x,p) = 2 s0
p · n0
Ep
V0(x,p),
M⊥(x,p) =
2
m
[
s0Ep
(
n0 − p · n0
E2
p
−m2p
)
+
~
2(Ep +m)
p×∇x
]
V0(x,p). (4.11)
Generalizing it to an arbitrary frame with a general uµ, we obtain
A = −2 s0 p
α∆αβn
β
0
u · p V0(x, p),
Mµ⊥ =
2
m
[
s0(u · p)Ξµνnν0 +
~
2(u · p+m)ǫ
µναβuνpα∂xβ
]
V0(x, p), (4.12)
where the projection operators ∆µν and Ξµν are defined in Eq. (3.10). We see that the transverse magnetic dipole
moment consists of two parts: one is the particle’s spin s0n
µ
0 as the intrinsic degrees of freedom and the other is from
the spatial derivative of the distribution that can be identified as the OAM of the wave packet.
7If there are many particles in the system, the calculation of the Wigner function in the wave packet representation
is straightforward: we first calculate the each particle’s Wigner function, and then sum over all particles to obtain
the total Wigner function. At equilibrium, this can also be achieved by replacing |Ω〉 with the thermal state.
It can be easily verified that the small-mass behaviors of V , A, and Mµ⊥ are
V = O(m−1) +O(1, m, · · ·), A = O(1) +O(m, m2, · · ·), Mµ⊥ = O(m−1) +O(1, m, · · ·). (4.13)
In the next section, we will show that, in the Wigner function and the kinetic equation, the divergent parts of V and
Mµ⊥ at m→ 0 will either be cancelled or be suppressed by a factor m2.
V. CONNECTION BETWEEN MASSIVE AND MASSLESS KINETIC EQUATIONS
For massless fermions, only the vector and axial-vector components of the Wigner function are relevant to the
kinetic equations. In this section we focus on these components and show how to smoothly reproduce the massless
formula from the massive ones from Eq. (2.4). We also show how to recover the CKT in the massless limit from the
kinetic equations for massive fermions.
A. Wigner function components
Using the transverse part of the magnetic moment Mµ⊥ and the axial-charge distribution A, the axial-vector
component of Wigner function is obtained by substituting Eq. (3.16) into the axial-vector component in Eq. (2.4),
Aµ =
[
(u · p)uµ + (u · p)
2
(u · p)2 −m2 p
〈µ〉
]
Aδ(p2 −m2)
+
~
2(u · p)ǫ
µναβpνuα (∇βV ) δ(p2 −m2) + ~F˜µνpνV δ′(p2 −m2)
+
m2
u · pM
µ
⊥δ(p
2 −m2). (5.1)
In the massless limit, we find that the first two lines agree with the massless result in Refs. [40–43], while the last
line vanish because Mµ⊥ ∝ m−1.
On the other hand, inserting the dipole-moment tensor (3.7) into the vector component of the Wigner function in
Eq. (2.4) gives
Vµ = pµV δ(p2 −m2) + ~F˜µνpνAδ′(p2 −m2) +m2 ~
u · pF˜
µνMνδ′(p2 −m2)
−~
2
δ(p2 −m2)ǫµναβpα∇ν
(
1
u · pMβ
)
, (5.2)
where we have used the Schouten identity (3.8). It is not easy to see the small-mass-behaviour of the last term, so
we choose to rewrite it using the following relation
ǫµναβpα∇ν
(
1
u · pMβ
)
= − 1
u · pp
µuρǫ
ναβρpα∇ν
(
1
u · pMβ
)
− p
2
u · puρǫ
βρµν∇ν
(
1
u · pMβ
)
− 1
u · puρpαǫ
αβρµpν∇ν
(
1
u · pMβ
)
− 1
u · puρpαp
βǫρµνα∇ν
(
1
u · pMβ
)
, (5.3)
which can be proved using the Schouten identity (3.8). Since the spin polarization nµ satisfies the generalized BMT
equation, i.e. the second equation in Eq. (2.7), we obtain the following kinetic equation for the magnetic moment by
replacing nµ with Eq. (3.16)
δ(p2 −m2)pν∇ν
(
1
u · pM
µ
)
=
[
1
u · pF
µνMν − 1
m2
pµ (pν∇νA)
]
δ(p2 −m2) +O(~). (5.4)
8Inserting the above relation and Eq. (5.3) into Eq. (5.2), we obtain
Vµ = pµV˜ δ(p2 −m2) + ~F˜µνpνAδ′(p2 −m2)
− ~
2(u · p)ǫ
µναβuνpα (∇βA) δ(p2 −m2)
+m2
{
~
2(u · p)ǫ
µναβuν
[
∇α
(
1
u · pMβ
)]
δ(p2 −m2) + ~
u · pF˜
µνMνδ′(p2 −m2)
}
, (5.5)
where we have redefined the distribution as
V˜ ≡ V + ~
2(u · p)ǫ
αβρσuαpβ∇ρ
(
1
u · pMσ
)
. (5.6)
In the massless limit, Vµ in Eq. (5.5) smoothly reproduces the result in Refs. [40–43]. We note that Mµ⊥ ∝ m−1 and
V ∝ m−1 so that V˜ seems to be divergent for small m. However, the divergent part of V cancels exactly that of Mµ
leaving a finite V˜ in massless limit. In fact, taking a Gaussian wave packet as an example, as shown in Sec. IV, we
obtain
V˜ =
1
2
[
1 +
~
2(u · p)(u · p+m)s0ǫ
µναβuµn0νpα∂xβ
]
V0(x,p), (5.7)
which is regular in m → 0 limit, where we have assumed a constant uµ and vanishing electromagnetic field for
simplicity and V0(x,p) is the distribution for the considered wave packet given in Eq. (4.7).
We note that the reference-frame four-vector uµ can generally be a local vector in phase space, i.e. uµ can be a
function of {xµ, pµ}. Especially, if we take uµ = pµ/m, we would haveMµ = nµ/m and A = 0, so Aµ and Vµ in Eqs.
(5.1),(5.5) recover their forms in Eq. (2.4).
B. Kinetic equations
In the previous subsection, we have discussed the vector and axial-vector components of the Wigner function. Since
these components can smoothly recover their forms in the massless case, it is natural that the corresponding kinetic
equations (2.7) can reproduce the CKT when m→ 0. In this subsection, we explicitly show this.
In order to separate the kinetic equation for the axial-charge density A, we first contract the generalized BMT
equation (2.7) with uµ and then substitute n
µ with the expression in Eq. (3.16). After a long but straightforward
calculation and using the Schouten identity (3.8), we finally arrive at
0 = (pµ∇µA) δ(p2 −m2) + δ′(p2 −m2)
[
~
u · pF˜
µνuµpν (p
α∇αV )
]
+δ(p2 −m2)
[
~
2
ǫµναβpν
(
∇µ uα
u · p
)
(∇βV ) + ~
2(u · p)pµuν(∂xαF˜
µν)(∂αp V )
]
−δ(p2 −m2) m
2
(u · p)2
[
(p · ∇uµ − Fµνuν)Mµ + ~
2
ǫµναβ (∇µV )uν∇αuβ
]
. (5.8)
Since O(~2) terms are truncated throughout this paper, one can replace V in the above equation with V˜ . Meanwhile,
the kinetic equation for the distribution V˜ can be derived from the generalized Boltzmann equation in Eq. (2.7) by
substituting the dipole-moment tensor Σµν with the expression (3.7). However, a simpler way is to directly act ∇µ
on the reference-frame dependent Vµ in Eq. (5.5). Properly using the Schouten identity (3.8) and the properties of
delta-functions
xδ′(x) = −δ(x),
xδ′′(x) = −2δ′(x), (5.9)
we derive the kinetic equation for V˜ as follows
0 =
(
pµ∇µV˜
)
δ(p2 −m2) + δ′(p2 −m2)
[
~
u · pF˜
µνuµpν (p
α∇αA)
]
9+δ(p2 −m2)
[
~
2
ǫµναβpν
(
∇µ uα
u · p
)
(∇βA) + ~
2(u · p)pµuν(∂xαF˜
µν)(∂αp A)
]
+δ(p2 −m2)m2
{
~
2
ǫµναβ
(
∇µ uν
u · p
)[
∇α
(
1
u · pMβ
)]
− ~
2(u · p)uµ(∂xαF˜
µν)
[
∂αp
(
1
u · pMν
)]}
+δ′(p2 −m2)m2 ~
u · pF˜
µνuµ
[
pα∇α
(
1
u · pMν
)]
. (5.10)
In the massless limit, Eqs. (5.8) and (5.10) agree exactly with the results in Refs. [40–43]. Due to the chiral symmetry,
equations for A and V˜ have dual forms in the massless case. However, the mass corrections in Eq. (5.8) and (5.10)
have very different forms.
As we have discussed in Sec. III, A andMµ⊥ are two independent variables in describing spin polarization of massive
fermions. Now we have the kinetic equation for A in (5.8). The kinetic equation for Mµ⊥ can be derived from the
generalized BMT equation (2.7) by substituting nµ with the expression (3.16). The resulting equation is complicated
which we would not show here. This equation is, however, always accompanied with m2 factor and becomes redundant
in the massless limit. As a result, the kinetic equaions which describe four spin DOF of massive fermions, reduce to
chiral kinetic equations describing two spin DOF of massless fermions.
VI. SUMMARY
We show how to smoothly connect the kinetic theories with the spin degree of freedom for massive and massless
fermions. The Wigner-function components and the kinetic equations are expressed in a reference-frame dependent
form. The reference frame is introduced as the freedom to decompose the dipole-moment tensor into an electric
dipole-moment vector and a magnetic dipole-moment one. Meanwhile, the spin polarization is decomposed into an
axial-charge distribution, a longitudinal polarization, and a transverse polarization. Here a longitudinal (transverse)
vector refers to the one that is parallel (orthogonal) to the three-momentum in the reference frame. The axial-charge
distribution is obtained by projecting the spin polarization onto the direction of the reference frame four-vector.
We find a straightforward relation between the longitudinal polarization and the axial-charge distribution. Thus
a minimum set of functions for describing massive fermions is: the fermion distribution V (x, p), the axial-charge
distribution A(x, p), and the transverse part of the magnetic dipole-moment Mµ⊥(x, p). By carefully calculating
these functions through the Wigner function in the wave packet representation, we find their small-mass behaviors:
V ∼ O(m−1), Mµ⊥ ∼ O(m−1), and A ∼ O(1).
With these small-mass behaviors, we can extract the mass corrections in the vector and axial vector components
of the Wigner function as well as their corresponding kinetic equations. By turning off the mass corrections, we can
smoothly recover their forms in the massless case. Therefore the CKT can be obtained by a smooth transition from
the kinetic theory for massive fermions with spin. We note that the collision terms are not included in this paper
which are reserved for a future work. We expect that the side-jump effect can also arise naturally in the collision
terms for massive fermions following the same line when taking the massless limit.
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Appendix A: An alternative way to introduce uµ in Vµ and Aµ
In Sec. III, we introduce the reference frame by decomposing the dipole-moment tensor into the electric and magnetic
components. In this Appendix, we adopt an alternative way to introduce the reference frame.
In Ref. [63], general forms of Vµ and Aµ up to O(~) have been derived,
Vµ = δ(p2 −m2)
(
pµf +
~
2u · pǫ
µνρσuν∇ρnσ
)
+ ~F˜µν
(
nν − uν p · n
p · u
)
δ′(p2 −m2), (A1)
Aµ = nµδ(p2 −m2) + ~F˜µνpνfδ′(p2 −m2), (A2)
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where the reference-frame vector uµ is introduced when solving one of the equations of motion for the Wigner-function
components (see, e.g. Refs. [60–63]): (~/2)(∇µAν −∇νAµ) = ǫµνρσpρVσ+O(~2). Here f is the vector charge density
which is identical to V in the main text at O(1) but can differ from V at O(~). In fact, Vµ and Aµ in Eqs. (A1)
and (A2) are equivalent to those in Eq. (2.4) because the solutions are invariant under transformations (3.9) and
nµ → nµ + (p2 −m2)δnµ, f → f + ~F˜µνuµδnν/u · p). Substituting Eqs. (A1) and (A2) into the relation (see, e.g.
Refs. [60–63]) mSµν = (~/2)(∇µVν −∇νVµ)− ǫµνρσpρAσ +O(~2), we obtain
Sµν = m [Σµνδ(p2 −m2)− ~Fµνfδ′(p2 −m2)] +O(~2). (A3)
In the above, we have defined the dipole-moment tensor as
Σµν = − 1
u · pǫ
µναβpαMβ + ~
2(u · p) (u
ν∇µ − uµ∇ν) f , (A4)
where
Mµ = 1
m2
[
(nµ − pµA)p · u− ~
2
ǫµναβpνuα∇βf
]
, (A5)
A =
u · n
u · p = −
M · p
u · p . (A6)
Comparing to Eq. (3.16) and noticing that f = V +O(~), we realize thatMµ we defined here is the magnetic dipole
moment and the reference-frame vector uµ is equivalent to the one introduced in the main text. From Eq. (A5) we
can re-express nµ in terms of M and A. By substituting nµ into Eqs. (A1) and (A2), after some algebra we recover
Eqs. (5.1) and Eq. (5.5), but with
V˜ ≡ f − ~
(u · p)2 F˜
µνuµMν . (A7)
Appendix B: Momentum-derivative of wavefunctions
In this appendix, we will calculate the Berry connection Uss′ =
1
2
{[∇pu¯s(p)]⊗ us′(p) − u¯s(p)⊗ [∇pus′(p)]}. Since
we are considering massive fermions, we can express the wavefunction us(p) as a Lorentz boost of the wavefunction
in the rest frame us,rf,
us(p) = Λpus,rf. (B1)
In this way, all the momentum dependence is embedded in the transformation matrix Λp. The explicit form of Λp is
well-known and can be found in many textbooks,
Λp =
1√
m
( √
p · σ 0
0
√
p · σ¯
)
, (B2)
where σµ ≡ (1, σ) and σ¯µ ≡ (1, −σ). After complicated but straightforward calculations, we obtain the following
relation
∆p ≡ (∇pΛp) Λ−1p =
1
2m
[
γ0γ − 1
Ep(Ep +m)
p
(
p · γ0γ)]− i
2m(Ep +m)
p× γ5γ0γ. (B3)
Then the momentum derivatives of the wavefunctions us(p) and u¯s(p) are given by
∇pus(p) = ∆pus(p),
∇pu¯s(p) = −u¯s(p)∆p. (B4)
The Berry connection now takes the following form
Uss′ = −1
2
[u¯s(p)∆p ⊗ us′(p) + u¯s(p)⊗∆pus′(p)] . (B5)
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